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1. Introduction 

In recent time, remarkable results have been 
obtained in the study of general properties of 
BPS states both in supersymmetric gauge theo- 
ries as well as in supersymmetric theories of grav- 
ity. The latter are described by string theory and 
M-theory |Q whose symmetry properties are en- 
coded in extended supergravity effective field the- 
ories. 

Of particular interest are extremal black holes 
in four and five dimensions which correspond to 
BPS saturated states 0] and whose ADM mass 
depends, beyond the quantized values of electric 
and magnetic charges, on the asymptotic value 
of scalars at infinity. The latter describe the 
moduli space of the theory Another physical rel- 
evant quantity, which depends only on quantized 
electric and magnetic charges, is the black hole 
entropy, which can be defined macroscopically, 
through the Bekenstein-Hawking area-entropy re- 
lation or microscopically, through D-branes tech- 
niques H by counting of microstates j|. It has 
been further realized that the scalar fields, in- 
dependently of their values at infinity, flow to- 
wards the black hole horizon to a fixed value of 
pure topological nature given by a certain ratio 



of electric and magnetic charges |5J . These "fixed 
scalars" correspond to the extrema of the ADM 
mass in moduli space while the black-hole entropy 
is the value of the squared ADM mass at this 
point in D = 4 §] f| and the power 3/2 of the 
ADM mass in D = 5. In four dimensional the- 
ories with N > 2, extremal black- holes preserv- 
ing one supersymmetry have the further property 
that all central charge eigenvalues other than the 
one equal to the BPS mass flow to zero for "fixed 
scalars". This is not true in D = 5 because the 
charges transform in the antisymmetric represen- 
tation of Usp(N) instead of U (N) as in the four 
dimensional cases. 

The entropy formula turns out to be in all cases 
a U-duality invariant expression (homogeneous of 
degree two in D — 4 and of degree 3/2 in D = 5) 
built out of electric and magnetic charges and 
as such can be in fact also computed through 
certain (moduli-independent) topological quanti- 
ties which only depend on the nature of the U- 
duality groups and the appropriate representa- 
tions of electric and magnetic charges. For ex- 
ample, in the N — 8, D — 4 theory the entropy 
was shown to correspond to the unique quartic Ef 
invariant built with its 56 dimensional represen- 
tation [||. In this report we intend to summarize 
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further progress in this subject by deriving, for all 
N > 2 theories in D = 4, 5, topological (moduli- 
independent) U-invariants constructed in terms 
of (moduli-dependent) central charges and mat- 
ter charges, and show that, as expected, they co- 
incide with M\ DM or M^dm (in the case of the 
four and five dimensional theories respectively), 
computed at "fixed scalars" . 

The situation of black-hole backgrounds pre- 
serving more than 1/8 of the original supersym- 
metry (32 charges) is further explored. 

Sections 2 and 3 deal with the four and five di- 
mensional cases respectively, section 4 describes 
the absolute duality invariants, section 5 de- 
scribes BPS states preserving more than one su- 
persymmetry and section 6 gives a further classi- 
fication of BPS states in terms of duality orbits. 

2. Central charges, U-invariants and en- 
tropy in D = 4 

In D = 4, extremal black-holes preserving one 
supersymmetry correspond to TV-extended multi- 
plets with 



M A 



DM 



\ZA > \Z 2 



> \z 



[N/2] 



(1) 



where Z a , a = 1, • • • , [N/2], are the proper val- 
ues of the central charge antisymmetric matrix 
written in normal form pJ{ |. The central charges 
Zab = —Zba, A,B — 1,---,N, and matter 
charges Zi 7 / = l,---,n are those (moduli- 
dependent) symplectic invariant combinations of 
field strcnghts and their duals (integrated over 
a large two-sphere) which appear in the grav- 
itino and gaugino supersymmetry variations re- 
spectively Q, @. Note that the total 
number of vector fields is n v = N(N — l)/2 + n 
(with the exception of N = 6 in which case there 



is an extra singlet graviphoton)|15|. 
It was shown in ref. jjj that at the attractor point, 
where Madm is extremized, supersymmetry re- 
quires that Z a , a > 1, vanish together with the 
matter charges Zi, I = 1, • • • , n (n is the num- 
ber of matter multiplcts, which can exist only for 
N = 3,4) 

This result can be used to show that for "fixed 
scalars" , corresponding to the attractor point, the 



scalar "potential" of the geodesic action § Jic|l 
1 



V = -^P t M{Af)P 



(2) 



is extremized in moduli space. Here P is the sym- 
plectic vector P = (p a ,(?a) of quantized electric 
and magnetic charges and Ai(AT) is a symplec- 
tic 2n v x 2n v matrix whose n v x n v blocks are 
given in terms of the vector kinetic ma- 

trix A/as (—ImM, ReAf are the normalizations of 
the kinetic F 2 and the topological F*F terms re- 
spectively) and 



M(N) = 



A B 
C D 



(3) 



with: 

A = ImN + ReAf ImAf- 1 ReAf 

B = -ReAflmAf- 1 

C = -ImM' 1 ReAf 

D = ImAf' 1 



(4) 



The above assertion comes from the important 
identity, shown in ref. p3[ , |l4"| to be valid in all 
N > 2 theories: 

- l -P t M{N)P= l -Z AB Z AB + Z I ~Z I (5) 

Indeed, let us consider the differential relations 
satisfied by the charges [[uj: 

VZab = -^PabcdZ +PabiZ 



VZ 7 = X -P A biZ AB +PijZ J 



(G) 



where the matrices Pabcd, Pabi, Pij are the 
subblocks of the vielbein of G/H embedded in 
USp(n,n) Q: 



V^L- 1 \7L= ( P ^cd Pabj 

V PlCD PlJ 



(7) 



written in terms of the indices of H — B-Aut x 
Hmatter- By computing the extremum of (||) and 
using equations (||),(||) we obtain 



P 



ABCD 



ZabZcd — 0; Zj — 



(8) 



Pabcd being the vielbein of the scalar manifold, 
completely antisymmetric in its SU (TV) indices. 



3 



It is easy to see that in the normal frame these 
equations imply: 



M ADM \ flx = |Zi|^0 

\Zi\ = (* = 2, 



■,N/2) 



(9) 
(10) 



The main purpose of this section is to provide 
particular expressions which give the entropy for- 
mula as a moduli-independent quantity in the 
entire moduli space and not just at the criti- 
cal points. Namely, we are looking for quanti- 
ties S (z AB {(j))iZ AB ((j)), Z 7 (0), (</>)) such that 

g|r5 = 0, (j> % being the moduli coordinates. 

These formulae generalize the quartic £7(7) in- 
variant of N — 8 supergravity || to all other 
cases. 

Let us first consider the theories N = 3, 4, 
where matter can be present |1(J , jlTj . 

The U-duality groups are, in these cases, 
SU(3,n) and SU (1,1) x SO(6,n) respectively 
(Here we denote by U-duality group the isom- 
etry group G acting on the scalars, although 
only a restriction of it to integers is the proper 
U-duality group The central and matter 

charges Zab , Zi transform in an obvious way un- 
der the isotropy groups 

H = SU(3)x SU(n)xU(l) (TV = 3) (11) 
H = SU(4) x 0{n) x [7(1) (TV = 4) (12) 

Under the action of the elements of G/H the 
charges get mixed with their complex conjugate. 
For TV = 3: 

pABCD = p u = q i _ eABC pC 

^iB = £i!BC^ C (13) 

Then the variations are: 

6Z A = tfz* 
SZi = £j Za 



(14) 
(15) 



where £j are infinitesimal parameters of 7C = 
G/H. Indeed, once the covariant derivatives are 
known, the variations are obtained by the substi- 
tution V -> 8, P -> C 

With a simple calculation, the U-invariant ex- 
pression is: 



S = Z A Z a ~ ZjZ 



—1 



In other words, V,5 = diS = 0, where the covari- 
ant derivative is defined in ref. fll4{| . 

Note that at the attractor point (Zj = 0) it co- 
incides with the moduli-dependent potential @ 
computed at its extremum. 
For N = 4 



Pabcd = £abcdP-, Pij = VuP 
Pabi = -^Vu^abcdP 



(17) 



su {1,1) 



and the transformations of K = ^4 ' x 

Q(6, n) 
0(6)xO(n) are - 

&Zab = 2^ eABC£> '^ + €abiZ (18) 
<JZi = lmjZ J + \UbiZ AB (19) 

with t BI = W J e ABCD icD.j. 

There are three 0(6,n) invariants given by I±, 
I2, 1 2 where: 



1 - -/ 

h = -^ZabZab — ZjZ 



(20) 



h = -e ABCD ZabZcd — ZjZ (21) 

and the unique SU (1,1) x 0(6, n) invariant S, 
VS 1 = 0, is given by: 



S = y/(h)*-\I 2 \* 



(22) 



At the attractor point Zj = 
and e ABCD ZabZcd = 0, so that S reduces to 
the square of the BPS mass. 

For TV = 5, 6, 8 the U-duality invariant expres- 
sion S is the square root of a unique invariant un- 
der the corresponding U-duality groups SU(5, 1), 
0*(12) and £7(7). The strategy is to find a 
quartic expression S 2 in terms of Zab such that 
V5 = 0, i.e. S is moduli-independent. 

As before, this quantity is a particular combi- 
nation of the i7 quartic invariants. 

For SU (5, 1) there are only two U (5) quartic in- 
variants. In terms of the matrix Aj^ = ZacZ 
they are: (TrA) 2 , Tr(A 2 ), where 



-CB 



TrA = Z AR Z BA 



(16) 



J AB Z 

Tr(A 2 ) = Z AB Z BC Z CD Z DA 



(23) 
(24) 



4 



As before, the relative coefficient is fixed by the 
transformation properties of Zab under S ^j^ > 
elements of infinitesimal parameter £ c : 

SZab — ' ^cabpqZ Q 

It then follows that the required invariant is: 
1 



The unique 0*(12) invariant is: 



(25) 



(26) 



S= -\J ATr(A 2 ) - {TrAf 

For N — 8 the SU(8) invariants are: 
h = {TrAf (27) 
h = Tr(A 2 ) (28) 
h = PfZ 



1 

244f 



^ABCDEFGH 



ZabZcdZefZgh (29) 



The gff^g\ transformations are: 

5 Zab = ^abcdZ C (30) 
where £,abcd satisfies the reality constraint: 

t 1 -pEFGH 

l^ABCD — -^ABCDEFGHt, 

One finds the following £7(7) invariant ||: 

S = ^ATr{A 2 ) - {TrAf + 32Re{Pf Z) (32) 

The N = 6 case is the more complicated because 
under U{6) the left-handed spinor of 0*(12) splits 
into: 



32, 



(15,1) + (15,-1) + (1,-3) + (1,3) (33) 



The transformations of ° T SlV are: 

(7(6) 

SZab = -^abcdef£, CD Z + ^abX 

I A R 

5X = -UbZ AB (34) 

where we denote by X the SU{6) singlet. The 
quartic U{6) invariants are: 

h = {TrAf (35) 
h = Tr{A 2 ) (36) 
h = Re{PfZX) 

= ^Re{e ABCDEF ZabZcdZefX) (37) 



h = {TrA)XX 
h = X 2 X 



(38) 
(39) 



S 

vs 



= 



32/3 + 4/4 + 44 



(40) 
(41) 



Note that at the attractor point Pf Z = 0, X = 
and S reduces to the square of the BPS mass. 

We note that in the normal frame the transfor- 
mations of the coset which preserve the normal 
form of the Zab matrix belong to 0(1, l) 3 both 
for N — 6 and N — 8 theories. The relevant 
0(1, l ) 3 transformations can be read out from 
eqs. (p0|), ( [34"|) going to the normal frame. The 
ensuing transformations correspond to commut- 
ing matrices which are proper, non compact, Car- 
tan elements of the coset algebra of N — 8, N = 6 
respectively pp|| . 

3. The attractor point condition in D = 5 

In this section we extend the previous analysis 
to the D = 5 dimensional case, for theories with 
N > 2 supersymmetries. Theories with N = 2 at 
D = 5 have been considered earlier B and fixed 
scalars recently analyzed in great detail |lS|| . A 
technical important difference in this case is that 
although matter charges vanish for fixed scalars, 
preserving one supersymmetry requires that the 
eigenvalues of the central charges which are not 
the BPS mass do not generally vanish at the hori- 
zon, but are all equal and fixed in terms of the 
entropy. 

The five dimensional case exhibits analogies 
and differencies with respect to the four dimen- 
sional one. Exactly like in the four dimen- 
sional theories, the entropy is given, through the 
Bekenstein-Hawking relation, by an invariant of 
the U-duality group over the entire moduli space 
and its value is given in terms of the moduli- 
dependent scalar potential of the geodesic ac- 
tion|J at the attractor point ||, ||, @: 

-1 3/4 



5-4- 



12' 



M 3/ ? = 



7T 

12 



V3 



V(<j>fix,g) 



(42) 



where we have used the relation V ex tr = ^M 2 xtr 
which is valid for any N in D = 5, as we will show 
in the following. Note that, while in the four di- 
mensional case the U-invariant is quartic in the 
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charges, in D = 5 it turns out to be cubic. Fur- 
thermore, in five dimensions the automorphism 
group under which the central charges transform 
is USp(N) instead of SUjN) x U(l) as in the 
four dimensional theories ]l4f| , fusf . As it is ap- 
parent from the dilatino susy transformation law, 
this implies that, at the minimum of the ADM 
mass, the central charges different from the max- 
imal one do not vanish, contrary to what hap- 
pens in D = 4. Indeed in D = 5 we may perform 
again the extremization of the geodesic potential 
as in D = 4 but, due to the traceless condition 
of the antisymmetric symplectic representations 
of the vielbein Pabc d and of the central charges 
^s,the analogous equations: 



P 



ABCD 



ZabZcd = 0; Zi = 



(43) 



do not imply anymore the vanishing of the central 
charges different from the mass. Here A,B,- ■ ■ 
are U Sp(N) indices and the antisymmetric ma- 
trix Zab satisfies the reality condition: 



(44) 



Z AB =C AC C BD Z CD 

<C AB being the symplectic invariant antisymmet- 
ric matrix satisfying C = — <D T , <D 2 = —1. Let 
us now consider more explicitly the various five 
dimensional theories. In N = 4 matter coupled 
supergravity |14| . the scalar manifold is given by 

G / H = oSlloU x 0(1,1). The black-hole po- 
tential is given by: 



law The matter charges Zj are instead in 

the vector representation of 0(n). Note that in 
the dilatino transformation law a different com- 
bination of the five graviphotons and the singlet 
photon appears corresponding to the integrated 
charge: 



4s = \{Zab+ZVabX) 
1 

= -j{Z AB + 2CabX) 



(47) 



The differential relations satisfied by the central 
and matter charges are: 



PiabZ 1 - 2Z ( ^da 



-> VZ AB = PiabZ 1 - Z AB da (48) 
VI = 2Xda (49) 

VZj = \{z AB pf 



Z AB Pabi) - Zida 



(50) 



To minimize the potential, it is convenient to go 

o 

to the normal frame where Z ab has proper values 
ei, e2 = —e\. In this frame, the potential and the 
differential relations become: 



V{4>,q) 
Vei 



-eider + PiZ L 
2Xda 



(51) 
(52) 
(53) 



V(4>,q) = \z AB Z AB 

-1\AE, 



2A 2 + ZjZ 1 



= ^(AA- 1 )^ 



(45) 



where X is the central charge associated to the 
singlet photon of the N — 4 theory, = 
fs -^as *F T ' and Aas are the electric charges 
and vector kinetic matrix respectively. The cen- 
tral charge Zab can be decomposed in its C- 

o 

traceless part Zab and trace part X according 
to: 



Zab = Zab — Cab A 



(46) 



This decomposition corresponds to the combi- 
nation of the five graviphotons and the singlet 
photon appearing in the gravitino transformation 



where Pi = P112 is the only independent com- 
ponent of the traceless vielbein one-form Piab 
in the normal frame. We then get immediately 
that, in the normal frame, the fixed scalar condi- 



tion ^X- — requires: 



94> 



Zi 



-e 2 



-2A 



(54) 
(55) 



where e» (i = 1, 2) are the proper values of Zab- 
It follows that M extr = \Zi2 ex tr\ — fei so that 



Vextr = 3e 2 = -Ml xtr 



(56) 



In the N = 6 theory, the scalar manifold is 
G/H = SU*(6)/Sp{6) 0. The central charge 



G 



Zab can again be decomposed in a C-traceless 

o 

part Zab and a trace part Z according to: 



1 

Zab = Zab + t^&abX 



(57) 



The traceless and trace parts satisfy the differen- 
tial relations: 



^Z A i 



Zc[aPb]d < & CD 

\ € A b°ZlmP LM + \XP AB (58) 
6 3 



f 



-Z AB P 



AB 



(59) 



where Pab is the C traceless vielbein of G/H . 
The geodesic potential has the form: 



-Z AB Z AB + -X 2 
2 3 



<Zae(AT 



-l\A£,rA 



qrA 



(60) 



where A, S, • • • = 1, • • • , 6 are indices in the fun- 
damental representation of SU*(6), the couple of 
indices AE in the elctric charges qAs are anti- 
symmetric and (AT)As.rA is the kinetic matrix 
of the vector field-strengths P AE To perform the 
minimization of the potential we proceed as in 
the N = 4 case going to the normal frame where 

o 

Zab has proper values e±, e 3 = —e\ — e 2 . The 
potential becomes: 

Vfaq) = e 2 + e 2 2 + (e 1+ e 2 ) 2 + ^X 2 (61) 

Moreover, the differential relations take the 
form: 

Vei = ^(~e 1 + e 2 + 2X)P 1 



^ = on the potential we get the following re- 
lations among the charges at the extremum: 



P-2 



V,:. 



e 3 = 
27 
16 f 



-X 



-M 2 t 

> extr 



Note that, using eqs. ( B2J)-(r 



ei 



(65) 

(pq) , the mass 
satisfies -g^i&i + § X) = at the ex- 
tremum, with value M extr = |ei. 

In the N = 8 supergravity the scalar manifold 
is G/H = E 6 r_ 6 \/Sp(8) and the central charges 
sit in the twice antisymmetric, C-traceless, repre- 
sentation of USp(8) |0. The scalar "potential" 
of the geodesic action is given by: 



V(cf>,g) = \z AB Z AB 



= <7as(A/" ) 



-l\AS,rA 



(66) 



where qae = /A/As,rA-F rA are the electric 
charges and A/As,rA the vector kinetic matrix. 
The extremum of V can be found by using the 
differential relation (l41: 



^ Zab — -^PabcdZ 



(67) 



where Pabcd is the four-fold antisummetric viel- 
bein one-form of G/H. One obtains: 



pABCD 7 7 _ n 



(68) 



+ -( ei + 2e 2 )F 2 (62) 

Ve 2 = i(2 ei +e 2 )Fi 

+ ^(e 1 -e 2 + 2X)P 2 (63) 

VI = i(2 ei +e 2 )Fi + i(ei+2e 2 )P 2 (64) V ei 

where Pi, P 2 , P3 = —Pi — P 2 are the proper val- 
ues of the vielbein one-form Pab in the normal ^7e 2 
frame. Imposing the attractor-point constraint Ve3 



To find the values of the charges at the 
extremum we use the traceless conditions 
€ AB Pabcd = 0, € AB Z AB = 0. In the 
normal frame, the proper values of Zab are 
ei,e 2 ,e3,e4 = —e\ — e 2 — e 3 and we take, as 
independent components of the vielbein, Pi = 

p234 = P5678) Pi — P.256 = p3478 (p3456 = 

Pl278 = — Pi ~ Pi)- In this way, the covariant 
derivatives of the charges become: 



(ei + 2e 2 + e 3 )Pi 

(d + e 2 + 2e 3 )P 2 (69) 

( ei - e 3 )Pi + {-e x - e 2 - 2e 3 )P 2 (70) 

(-d - 2e 2 - e 3 )Pi + (d - e 2 )P 2 (71) 
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Using these relations, the extremum condition of 
V implies: 



1 



f J 2 



e 3 = e 4 



7 e l 



-Mi 



(72) 



4. Topological invariants 



In this section we determine the U-invariant 
expression in terms of which the entropy can be 
evaluated over the entire moduli space. Our pro- 
cedure is the same as in ref. [pof , namely we com- 
pute cubic H-invariants and determine the appro- 
priate linear combination of them which turns out 
to be U-invariant. The invariant expression of the 
entropy for N = 4 and iV = 8atD = 5in terms 
of the quantized charges was given in . Let us 
begin with the N = 4 theory, controlled by the 
coset o(5^x'o(n) x 0(1,1). In this case there are 
three possible cubic H-invariants, namely: 



h 

h 
h 



l ° ° 
-ZabZ 

X 3 



AB 



X 



(73) 

(74) 
(75) 



In order to determine the U = G = 0(5, n) x 
0(1, l)-invariant, we set / = Ii+otl-z+pis and us- 
ing the differential relations one easily finds 
that dl = implies a = 1, j3 = 0. Therefore: 



1 



, AB 



I = h-I 2 =\-Z AB Z - ZjZj X 



(76) 



is the cubic (0(5, n) x 0(1, l))-invariant indepen- 
dent of the moduli and the entropy S = j^Mi is 
then given as: 



s^i^ 2 = ^( l -z AB z 



■AB 



ZiZAZ 



(77) 



In the N = 6 theory, where the coset mani- 
fold is SU*(6)/Sp(6), the possible cubic Sp(6)- 
invariants are: 



h = Tr(Z€) 3 
h = Tr{Z€) 2 X 
h = X 3 



(78) 
(79) 
(80) 



Setting as before: 
I = I 1 +aI 2 + Ph 



(81) 



the covariant derivative dl is computed using the 
differential relations (|58| ) and the parametrer a 
and P are then determined by imposing dl = 0. 
Actually, the best way to perform the computa- 
tion is to go to the normal frame. Using the dif- 
ferential relations (|62])-(|64]) and the expression for 
the invariants in the normal frame: 



Tr(ZC) 3 = 
Tr(Z€f = 



-6(eje 2 
4{ei + el 



f eie 2 ) 



(82) 
(83) 



the vanishing of dl fixes the coefficients a and p. 
The final result is: 



/ = --Tr(ZC) 3 - -Tr(Z€) 2 X + —X 3 
6 v ; 6 v ' 27 

and the entropy is: 



(84) 



1 Tr{Z€) 3 - -Tr(Z€) 2 X 



-X 3 (85) 



6 v ' 6 v ' 27 
Finally, for the N = 8 theory, described by the 
coset E 6 r 6 )/Sp(8), it is well known that there is 
a unique E 6 cubic invariant, namely: 

I 3 (27) - Tr(ZC) 3 - Z A B Z B C Z C A (86) 

where the Sp(8) indices are raised and lowered 
by the antisymmetric matrix Cab- Curiously, 
the Eq -invariant corresponds to a single cubic 
[/S'p(8)-invariant. Again, the invariance of / can 
be best computed in the normal frame where the 
invariant 



^3(27) 



takes the form: 
Tr{Z€f = -2(e? + e\ + e 

ele3 + e\e\ + 2e\eie-$) 



e\e 2 + e\e\ 



(87) 



One finds indeed dl = and therefore 

5~ I 1/2 = ^Tr(Z€) 3 

As in D = 4 the transformations of the coset 
which preserve the normal form of the Zab ma- 
trix belong to the non compact Cartan subalge- 
bra of ST/* (6) and E 6{6) for N = 6 and = 8 
respectively, which in both cases turns out to be 
50(1, l) 2 . 

The relevant 0(1,1) 2 transformations can be 
read out from eqs. (|62|)-(|64|), ( |6^ ) written in the 
normal frame |E1|. 
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5. BPS Conditions for Enhanced Super- 
symmetry 

In this section we will describe U-duality in- 
variant constraints on the multiplets of quantized 
charges in the case of BPS black holes whose 
background preserves more than one supersym- 
metry g|. 

We will still restrict our analysis to four and five 
dimensional cases for which three possible cases 
exist i.e. solutions preserving 1/8, 1/4 and 1/2 of 
the original supersymmetry (32 charges). 

The invariants may only be non zero on solu- 
tions preserving 1/8 supersymmetry. In dimen- 
sions 6 < D < 9 black holes may only preserve 
1/4 or 1/2 supersymmetry, and no associated in- 
variants exist in these cases. 

The description which follows also make con- 
tact with the D-brane microscopic calculation, as 
it will appear obvious from the formulae given 
below. We will first consider the five dimensional 
case. 

In this case, BPS states preserving 1/4 of su- 
persymmetry correspond to the invariant con- 
straint /3(27) = where I 3 was defined in eq. 
|86| . This corresponds to the Eq invariant state- 
ment that the 27 is a null vector with respect 
to the cubic norm. As we will show in a mo- 
ment, when this condition is fulfilled it may be 
shown that two of the central charge eigenvalues 
are equal in modulus. The generic configuration 
has 26 independent charges. 

Black holes corresponding to 1/2 BPS states 
correspond to null vectors which are critical, 
namely 

9/(27) = (89) 

In this case the three central charge eigenvalues 
are equal in modulus and a generic charge vector 
has 17 independent components. 

To prove the above statements, it is useful to 
compute the cubic invariant in the normal frame, 
given by: 

I 3 (27) = Tr(Z€) 3 

= 6(ei + e 2 )(ei + e 3 )(e 2 + e 3 ) 

= 6 Sl s 2 s 3 (90) 



where: 

!/ 

ei = ^(si+s 2 -s 3 ) 
e 2 = ^(si - s 2 + S3) 

e 3 = ^{si+s 2 + s 3 ) (91) 

are the eigenvalues of the traceless antisymmetric 
8x8 matrix. We then see that if s± = then 
|ei| = |e 2 |, and if Si = s 2 = then |e x | = |e 2 | = 
|e 3 |. To count the independent charges we must 
add to the eigenvalues the angles given by U Sp(8) 
rotations. The subgroup of USp(8) leaving two 
eigenvalues invariant is USp(2) 4: , which is twelve 
dimensional. The subgroup of USp(8) leaving in- 
variant one eigenvalue is USp(4) x USp(4), which 
is twenty dimensional. The angles are therefore 
36 — 12 = 24 in the first case, and 36 — 20 = 16 in 
the second case. This gives rise to configurations 
with 26 and 17 charges respectively, as promised. 

Taking the case of Type II on T 5 we can choose 
si to correspond to a solitonic five-brane charge, 
s 2 to a fundamental string winding charge along 
some direction and s 3 to Kaluza-Klcin momen- 
tum along the same direction. 

The basis chosen in the above example is S-dual 
to the D-brane basis usually chosen for describ- 
ing black holes in Type IIB on T$. All other bases 
are related by U-duality to this particular choice. 
We also observe that the above analysis relates 
the cubic invariant to the picture of intersecting 
branes since a three-charge 1/8 BPS configura- 
tion with non vanishing entropy can be thought 
as obtained by intersecting three single charge 1/2 
BPS configurations @, g§] 

By using the S-T-duality decomposition we 
see that the cubic invariant reduces to / 3 (27) = 
10_ 2 10_ 2 1 4 + 16il6il0_ 2 . The 16 correspond to 
D-brane charges, the 10 correspond to the 5 KK 
directions and winding of wrapped fundamental 
strings, the 1 correspond to the N-S five-brane 
charge. 

We see that to have a non-vanishing area we 
need a configuration with three non-vanishing N- 
S charges or two D-brane charges and one N-S 
charge. 

Unlike the A-D case, it is impossible to have 
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a non-vanishing entropy for a configuration only 
carrying D-brane charges. 

We now turn to the four dimensional case. 

In this case the situation is more subtle because 
the condition for the 56 to be a null vector (with 
respect to the quartic norm defined through eq. 
j32| ) is not sufficient to enhance the supersymme- 
try. This can be easily seen by going to the nor- 
mal frame where it can be shown that for a null 
vector there are not, in general, coinciding eigen- 
values. The condition for 1/4 supersymmetry is 
that the gradient of the quartic invariant vanish. 

The invariant condition for 1/2 supersymmetry 
is that the second derivative projected into the 
adjoint representation of £7 vanish. This means 
that, in the symmetric quadratic polynomials of 
second derivatives, only terms in the 1463 of £7 
are non-zero. Indeed, it can be shown, going to 
the normal frame for the 56 written as a skew 8x8 
matrix, that the above conditions imply two and 
four eigenvalues being equal respectively. 

The independent charges of 1/4 and 1/2 pre- 
serving supersymmetry are 45 and 28 respec- 
tively. 

To prove the latter assertion, it is sufficient to 
see that the two charges normal-form matrix is 
left invariant by USp(4) x USp(4), while the one 
charge matrix is left invariant by USp(8) so the 
SU(8) angles are 63 - 20 = 43 and 63 - 36 = 27 
respectively. 

The generic 1/8 supersymmetry preserving 
configuration of the 56 of £7 with non vanish- 
ing entropy has five independent parameters in 
the normal frame and 51 = 63— 12 SU(8) angles. 
This is because the compact little group of the 
normal frame is SU{2) i . The five parameters de- 
scribe the four eigenvalues and an overall phase 
of an 8 x 8 skew diagonal matrix. 

If we allow the phase to vanish, the 56 quar- 
tic norm just simplifies as in the five dimensional 
case: 

74(56) = S1S2S3S4 

= (ei + e 2 + e 3 + e 4 )(ei + e 2 - e 3 - e 4 ) 

x (ei - e 2 - e 3 + e 4 )(ei - e 2 + e 3 - e 4 ) (92) 

where e, (i = 1, • • • , 4) are the four eigenvalues. 
1/4 BPS states correspond to s 3 = s 4 = while 



1/2 BPS states correspond to s 2 = s 3 = s 4 = 0. 

An example of this would be a set of four D- 
branes oriented along 456, 678, 894, 579 (where 
the order of the three numbers indicates the ori- 
entation of the brane). Note that in choosing the 
basis the sign of the D-3-brane charges is impor- 
tant; here they are chosen such that taken to- 
gether with positive coefficients they form a BPS 
object. The first two possibilities (I4 ^ and 
I± = 0, Qql^o ) preserve 1/8 of the supersymme- 

tries, the third (§§| = 0, gf^jU* e 7 * 0) 1/4 

and the last (gf^Udj e 7 = 0) 1/2. 

It is interesting that there are two types of 1/8 
BPS solutions. In the supergravity description, 
the difference between them is that the first case 
has non-zero horizon area. If I4 < the solution 
is not BPS. This case corresponds, for example, 
to changing the sign of one of the three-brane 
charges discussed above. By U-duality transfor- 
mations we can relate this to configurations of 
branes at angles such as in |23| 

Going from four to five dimensions it is natural 
to decompose the Ej — > Eq x 0(1, 1) where Eq is 
the duality group in five dimensions and 0(1, 1) 
is the extra T-duality that appears when we com- 
pactify from five to four dimensions. According 
to this decomposition, the representation breaks 
as: 56 — > 27 1 + 1_ 3 + 27'_ x + I3 and the quartic 
invariant becomes: 

56 4 = (27 1 ) 3 1_ 3 + (27'_ 1 ) 3 1 3 + 1 3 1 3 1_ 3 1_3 
+ 27 1 27i27'_ 1 27'_ 1 + 27 1 27'_ 1 1 3 1_ 3 (93) 

The 27 comes from point-like charges in five 
dimensions and the 27' comes from string-like 
charges. 

Decomposing the U-duality group into T- and 
S-duality groups, E 7 ->■ SL(2,B) x 0(6,6), we 
find 56 -> (2, 12) + (1, 32) where the first term 
corresponds to N-S charges and the second term 
to D-brane charges. Under this decomposition 
the quartic invariant (|92| ) becomes 56 4 — > 32 4 + 
(12. 12') 2 + 32 2 .12.12'. This means that we can 
have configurations with a non-zero area that 
carry only D-brane charges, or only N-S charges 
or both D-brane and N-S charges. 

It is remarkable that £7(7) -duality gives addi- 
tional restrictions on the BPS states other than 
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the ones merely implied by the supersymmetry 
algebra. The analysis of double extremal black 
holes implies that I 4 be semi-definite positive for 
BPS states. From this fact it follows that config- 
urations preserving 1/4 of supersymmetry must 
have eigenvalues equal in pairs, while configu- 
ratons with three coinciding eigenvalues are not 
BPS. 

To see this, it is sufficient to write the quartic 
invariant in the normal frame basis. A generic 
skew diagonal 8x8 matrix depends on four com- 
plex eigenvalues Zj. These eight real parameters 
can be understood using the decomposition p4| : 

56 -> (8 V ,2,1,1) + (8 S ,1,2,1) + (8 C ,1,1,2) 
+ (1,2,2,2) (94) 

under 



E- 



7(7) 



0(4,4) x ST(2,]R) 3 



(95) 



Here 0(4,4) is the little group of the normal 
form and the (2,2,2) are the four complex skew- 
diagonal elements. We can further use U(l) 3 C 
SL(2, IR) 3 to further remove three relative phases 
so we get the five parameters z,; = pie 1 ^^ 4 (i = 
l,---,4). 

The quartic invariant, which is also the unique 
5L(2,IR) 3 invariant built with the (2,2,2), be- 
comes 122] : 



/ 4 = £n 4 - 2 E 



zA 2 \zA 2 



i<3 



+4(z 1 z 2 z 3 z 4 + Z1Z2Z3Z4) 

= {fil + 92 + P3 + Pi){p\ + P2 - P3 - Pi) 
X (pi - P2+ P3 + Pi)(Pl - P2 - P3 + Pi) 

+%Plp2P3Pi{cOS(j) - 1) (96) 

The last term is semi-definite negative. The 
first term, for p\ = pi — p becomes: 

- [Ap 2 - (p 3 + P4 ) 2 }(P3 - Pi) 2 (97) 

which is negative unless P3 = pi- So 1/4 BPS 
states must have 



Pi = Pi > P3 = Pi , cos4> = 1 



(98) 



For pi = P2 = P3 = p, the first term in I4 be- 
comes: 



so we must also have P4 — p , coscf> = 1 which 
is the 1/2 BPS condition. 

An interesting case, where I4 is negative, cor- 
responds to a configuration carrying electric and 
magnetic charges under the same gauge group, 
for example a 0-brane plus 6-brane configura- 
tion which is dual to a K-K-monopole plus IC- 
R-momentum Q, p5|] . This case corresponds 
to Zi — pe 1 ^/ 4 and the phase is ton^/4 = e/g 
where e is the electric charge and g is the mag- 
netic charge. Using ( p2| ) we find that I4 < un- 
less the solution is purely electric or purely mag- 
netic. In |2(| it was suggested that + 6 does not 
form a supersymmetric state. Actually, it was 
shown in [ p7| that a + 6 configuration can be 
T-dualized into a non-BPS configuration of four 
intersecting D-3-branes. Of course, I4 is negative 
for both configurations. Notice that even though 
these two charges are Dirac dual (and U-dual) 
they are not S-dual in the sense of filling out an 
SX(2,Z) multiplet. In fact, the K-K-monopole 
forms an SL(2, 7L) multiplet with a fundamental 
string winding charge under S-duality |2^] 

6. Duality Orbits fo BPS States Preserving 
Different Numbers of Supersymmetries 

In this section we give an invariant classifica- 
tion of BPS black holes preserving different num- 
bers of supersymmetries in terms of orbits of the 
27 and the 56 fundamental representations of the 
duality groups £"6(6) an d £7(7) resperctively |29[] , 

In five dimensions the generic orbits preserv- 
ing 1/8 supersymmetry correspond to the 26 di- 
mensional orbits -^6(6) / ^4(4) so we ma y think the 
generic 27 vector of Eq parametrized by a point 
in this orbit and its cubic norm (which actually 
equals the square of the black-hole entropy) . 

The light-like orbit, preserving 1/4 supersym- 
metry, is the 26 dimensional coset -E 6 ( 6 )/0(5, 4)© 
Tie where denotes the semidirect product. 

The critical orbit, preserving maximal 1/2 su- 
persymmetry (this correspond to i^f ^ 0) corre- 



spond to the 17 dimensional space 



- (3p + Pi)(p - p 4 ) 



(99) 



6(6) 



0(5,5)0 7] 



16 



(100) 
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In the four dimensional case, we have two inequiv- 
alent 55 dimensional orbits corresponding to the 
cosets i?7(7)/i?6(2) and Ejn\/^6(6) depending on 
whether 7 4 (56) > or 7 4 (56) < 0. The first 
case corresponds to 1/8 BPS states whith non- 
vanishing entropy, while the latter corresponds to 
non BPS states. 

There is an additional 55 dimensional light- 
like orbit (J4 = 0) preserving 1/8 supersymmctry 
given by ■= — y^— . 

The critical light-like orbit, preserving 1/4 
supersymmetry, is the 45 dimesnsional coset 
E 7[7) /0(6, 5)0(T32 0Ti) 

The critical orbit corresponding to maximal 
1/2 supersymmetry is described by the 28 dimen- 
sional quotient space 



E> 



7(7) 



^6(6) © T < 



27 



(101) 



We actually see that the counting of parameters 
in terms of invariant orbits reproduces the count- 
ing previously made in terms of normal frame pa- 
rameters and angles. The above analysis makes 
a close parallel between BPS states preserving 
different numbers of supersymmetries with time- 
like, space-like and light-like vectors in Minkowski 
space. 
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